Introduction {#Sec1}
============

Algorithms that run on quantum computers hold promise to perform important computational tasks more efficiently than what can ever be achieved on classical computers, most notably Grover's search algorithm and Shor's integer factorization^[@CR1]^. One computational task indispensable for many problems in science, engineering, mathematics, finance, and machine learning, is solving systems of linear equations $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\bf{A}}\overrightarrow{x}=\overrightarrow{b}$$\end{document}$. Classical direct and iterative algorithms take $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr{O}}({N}^{2})$$\end{document}$ time^[@CR2],[@CR3]^. Interestingly, the Harrow-Hassidim-Lloyd (HHL) quantum algorithm^[@CR4]--[@CR13]^, which is based on the quantum circuit model^[@CR14]^, takes only $\documentclass[12pt]{minimal}
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                \begin{document}$$N\times N$$\end{document}$ system of linear equations, while for dense systems it requires $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr{O}}(\sqrt{N}\,\log (N))$$\end{document}$^[@CR11]^. Linear solvers and experimental realizations that use quantum annealing and adiabatic quantum computing machines^[@CR15]--[@CR17]^ are also reported^[@CR18]--[@CR20]^. Most recently, methods^[@CR21],[@CR22]^ inspired by adiabatic quantum computing are proposed to be implemented on circuit-based quantum computers. Whether substantial quantum speedup exists in these algorithms remains unknown.

In practice, the applicability of quantum algorithms to classical systems are limited by the short coherence time of noisy quantum hardware in the so-called Noisy Intermediate-Scale Quantum (NISQ) era^[@CR23]^ and the difficulty in executing the input and output of classical data. Other roadblocks toward practical implementation include limited number of qubits, limited connectivity between qubits, and large error correction overhead. At present, experiments demonstrating the HHL linear solver on circuit quantum computers are limited to $\documentclass[12pt]{minimal}
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                \begin{document}$$2\times 2$$\end{document}$ matrices^[@CR24]--[@CR29]^, while linear solvers inspired by adiabatic quantum computing are limited to $\documentclass[12pt]{minimal}
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                \begin{document}$$8\times 8$$\end{document}$ matrices^[@CR21],[@CR22]^. For quantum annealers, the state-of-the-art linear solvers can solve up to $\documentclass[12pt]{minimal}
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                \begin{document}$$12\times 12$$\end{document}$ matrices^[@CR20]^.

In addition to the problems of limited available entangled qubits and short coherence time, the HHL-type algorithms for the so-called Quantum Linear Systems Problem (QLSP) are designed to work only when input and output are quantum states^[@CR30]^. This condition imposes severe restriction to practical applications in the NISQ era^[@CR23],[@CR30],[@CR31]^. It has been shown that the HHL algorithm can not extract information about the norm of the solution vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{x}$$\end{document}$^[@CR4]^. A state preparation algorithm for inputting a classical vector $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr{O}}(N)$$\end{document}$ time^[@CR30],[@CR32]--[@CR34]^, with large overhead for current hardware. In addition, quantum state tomography is required to read out the classical solution vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{x}$$\end{document}$, which is a demanding task^[@CR35],[@CR36]^, except for special cases like one-dimensional entangled qubits^[@CR37]^. Inputting the matrix **A** is also a challenge that may kill the quantum speedup^[@CR1],[@CR24]--[@CR29]^.

In this work, we propose a hybrid classical-quantum linear solver that uses circuit-based quantum computer to perform quantum random walks. In contrast to the HHL-type linear solvers, the solution vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{b}$$\end{document}$ in this hybrid algorithm stay as classical data in the classical registers. Only the matrix **A** is encoded in quantum registers. The idea is similar to that of variational quantum eigensolvers^[@CR38]--[@CR41]^, where quantum speedup is exploited only for sampling exponentially large state Hilbert spaces, while the rest of computational task is done by classical computer. This makes it easy to perform data input and output: the $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{b}$$\end{document}$ vector can be arbitrary, and the components and the norm of the $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{x}$$\end{document}$ vector can be easily accessed.

We consider matrices that are useful for Markov decision problems such as in reinforcement learning^[@CR42]^. We show that these matrices can be efficiently encoded by introducing the Hamming cube structure: a square matrix of size *N* requires $\documentclass[12pt]{minimal}
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                \begin{document}$${\mathscr{O}}(\log (N))$$\end{document}$ quantum bits only. The quantum random walk algorithm we here propose takes $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{x}$$\end{document}$ vector. We also show that in the quantum random walk algorithm the matrices produced as a result of qubit-qubit correlation are inherently complex, which can be an advantage for performing difficult tasks. For the same amount of time, the matrices the classical random walk algorithm can solve are limited to factorisable ones only.

We have tested the quantum random walk algorithm using software development kit Qiskit on IBM Q systems^[@CR43],[@CR44]^. Numerical results show that this linear solver works on ideal quantum computer, and most importantly, also on noisy quantum computer having a short coherence time, provided the quantum circuit that encodes the **A** matrix is not too long. The limitation due to machine errors is discussed.

Results {#Sec2}
=======

We consider a system of linear equations of real numbers $\documentclass[12pt]{minimal}
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                \begin{document}$$N\times N$$\end{document}$ matrix to be solved, $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{b}$$\end{document}$ are, respectively, the solution vector and a vector of constants. Without loss of generality, we rewrite **A** as$$\documentclass[12pt]{minimal}
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                \begin{document}$${\bf{A}}={\bf{1}}-\gamma {\bf{P}},$$\end{document}$$where **1** is the identity matrix, and $\documentclass[12pt]{minimal}
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                \begin{document}$$0 < \gamma  < 1$$\end{document}$ is a real number. We take **P** as a (stochastic) Markov-chain transition matrix, such that $\documentclass[12pt]{minimal}
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                \begin{document}$${P}_{I,J}$$\end{document}$ refers to the **P** matrix element in the *J*-th column of the *I*-th row. This type of linear systems appears in value estimation for reinforcement learning^[@CR42],[@CR45],[@CR46]^, and radiosity equation in computer graphics^[@CR47]^. In reinforcement learning algorithms, given a fixed policy of the learning agency, the vector $\documentclass[12pt]{minimal}
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                \begin{document}$$\overrightarrow{x}$$\end{document}$ is the value function that determines the long-term cumulative reward, and efficient estimation of this function is key to successful learning^[@CR42]^. Note that the matrix **A** given in Eq. ([1](#Equ1){ref-type=""}) used as model Hamiltonian matrix belongs to the so-called stoquastic Hamiltonians^[@CR48],[@CR49]^.
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                \begin{document}$${x}_{{I}_{0}}^{(c)}$$\end{document}$ can be evaluated by random walks on a graph of *N* nodes, with the probability of going from node *I* and node *J* of the graph given by the matrix element $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${P}_{I,J}$$\end{document}$, which we set as symmetric (undirected), namely $\documentclass[12pt]{minimal}
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                \begin{document}$${P}_{I,J}={P}_{J,I}$$\end{document}$. An example of a four-node graph is shown in Fig. [1(a)](#Fig1){ref-type="fig"}. By performing a series of random walks starting from node *I*~0~, walking *c* steps according to the transition probability matrix **P**, and ending at some node *I*~*c*~, Eq. ([2](#Equ2){ref-type=""}) can be readily calculated to get the $\documentclass[12pt]{minimal}
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                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
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The above procedure can be extended to general matrices **A** by setting $\documentclass[12pt]{minimal}
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For classical Monte Carlo methods to compute Eq. ([2](#Equ2){ref-type=""}), it takes $\documentclass[12pt]{minimal}
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Encoding state spaces on Hamming cubes {#Sec3}
--------------------------------------

As for material resources, in general it takes at least $\documentclass[12pt]{minimal}
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Classical random walk {#Sec4}
---------------------

Before we introduce our quantum random walk algorithm, let us first consider classical random walks.
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Quantum random walk {#Sec5}
-------------------
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To derive the quantum transition probability matrix on a graph of *N* nodes, we consider the state space of the $\documentclass[12pt]{minimal}
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To understand the transition probability matrix produced by the quantum walk circuit (Fig. [2](#Fig2){ref-type="fig"}), let us again consider the four-node graph in Fig. [1](#Fig1){ref-type="fig"}, where$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\bf{P}}}^{quantum}=[\begin{array}{cccc}{\cos }^{2}(\tfrac{{\theta }_{0}}{2})\,{\cos }^{2}(\tfrac{{\theta }_{1}}{2}) & {\sin }^{2}(\tfrac{{\theta }_{0}}{2})\,{\sin }^{2}(\tfrac{{\theta }_{1}}{2}) & {\cos }^{2}(\tfrac{{\theta }_{0}}{2})\,{\sin }^{2}(\tfrac{{\theta }_{1}}{2}) & {\sin }^{2}(\tfrac{{\theta }_{0}}{2})\,{\cos }^{2}(\tfrac{{\theta }_{1}}{2})\\  & {\cos }^{2}(\tfrac{{\theta }_{0}}{2})\,{\cos }^{2}(\tfrac{{\theta }_{1}}{2}) & {\sin }^{2}(\tfrac{{\theta }_{0}}{2})\,{\cos }^{2}(\tfrac{{\theta }_{1}}{2}) & {\cos }^{2}(\tfrac{{\theta }_{0}}{2})\,{\sin }^{2}(\tfrac{{\theta }_{1}}{2})\\  &  & {\cos }^{2}(\tfrac{{\theta }_{0}}{2})\,{\cos }^{2}(\tfrac{{\theta }_{1}}{2}) & {\sin }^{2}(\tfrac{{\theta }_{0}}{2})\,{\sin }^{2}(\tfrac{{\theta }_{1}}{2})\\  &  &  & {\cos }^{2}(\tfrac{{\theta }_{0}}{2})\,{\cos }^{2}(\tfrac{{\theta }_{1}}{2})\end{array}].$$\end{document}$$

Unlike the above classical random walk, this matrix cannot be factorized into a Kronecker product of the matrices of each individual qubit. The probability of one qubit flipping depends on the other, indicating that the two qubits are correlated, or in quantum information theory entangled.
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It can be of interest to note that the circuit given in Eq. ([6](#Equ6){ref-type=""}) is just one possible design leading to a particular correlation between qubits. In general, there are numerous ways to rearrange the walking steps to obtain different kinds of correlation, and it is possible to design the circuit for specific purposes. A simple way is to perform the walking steps in Eq. ([6](#Equ6){ref-type=""}) in a reverse order, operating the $\documentclass[12pt]{minimal}
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As the change of the Hamming distance for each walking step in the Gray code representation is $\documentclass[12pt]{minimal}
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It is possible to increase the level of correlation in the probability matrix by performing multiple quantum evolutions, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr{U}}}^{q}$$\end{document}$, where *q* is the number of quantum walk evolutions. The probability matrix produced by two quantum walk evolutions, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${{\mathscr{U}}}^{2}$$\end{document}$, is given by (see Methods 0.2 for derivation)$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${P}_{J^{\prime} ,J}^{quantum}=\mathop{\sum }\limits_{k=0}^{1}\,{|\sum _{I}f(I,J^{\prime} \oplus J\oplus I){\delta }_{{i}_{n-1},k}|}^{2},$$\end{document}$$where, for $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$I=({i}_{n-1},\ldots ,{i}_{0})$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$K=({k}_{n-1},\ldots ,{k}_{0})$$\end{document}$,$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{array}{rcl}f(I,K) & = & {[{U}_{3}({{\bf{u}}}_{n-1})]}_{{i}_{n-1},{i}_{n-2}}\cdots {[{U}_{3}({{\bf{u}}}_{0})]}_{{i}_{0},{k}_{n-1}}\\  &  & \times \,{[{U}_{3}({{\bf{u}}}_{n-1})]}_{{k}_{n-1},{k}_{n-2}}\cdots {[{U}_{3}({{\bf{u}}}_{0})]}_{{k}_{0},0},\end{array}$$\end{document}$$and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${[{U}_{3}(\theta ,\varphi ,\lambda )]}_{\mu ,\nu }={e}^{i[\mu \varphi +\nu \lambda ]}{(-1)}^{(1-\mu )\nu }{(\cos (\frac{\theta }{2}))}^{1-(\mu \oplus \nu )}{(\sin (\frac{\theta }{2}))}^{\mu \oplus \nu }.$$\end{document}$$

The fact that the summation over *I* in Eq. ([11](#Equ11){ref-type=""}) runs over $\documentclass[12pt]{minimal}
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In general, the dependence of the two-evolution quantum probability matrix on $\documentclass[12pt]{minimal}
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Numerical results {#Sec6}
-----------------

Figure [3](#Fig3){ref-type="fig"} shows the performance of our hybrid quantum random walk algorithm on linear systems of dimension $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N=256$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$N=1024$$\end{document}$. Their relative errors decrease with increasing sampling number. The relative error is defined as $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\varepsilon =|{x}_{I}^{exact}-{x}_{I}|/|{x}_{I}^{exact}|$$\end{document}$ for the *I*-th component of the solution vector $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overrightarrow{x}$$\end{document}$, where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\overrightarrow{x}}^{exact}$$\end{document}$ is the exact result obtained with the NumPy package. To demonstrate, we use randomly generated vectors $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\overrightarrow{b}$$\end{document}$ and matrices **A** with a uniform distribution, $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${b}_{I}\in [\,-\,1,1]$$\end{document}$ and $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\theta }_{\ell }\in [0,\pi ]$$\end{document}$. We choose $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\gamma $$\end{document}$ and *c* such that the error introduced by the Neumann expansion is within $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$${\mathscr{O}}{\mathrm{(10}}^{-4})$$\end{document}$. See Table [1](#Tab1){ref-type="table"} for the relevant parameters of the two matrices. The program is written and compiled with Qiskit version 0.7.2. The simulation results (upper figure) are obtained using QASM simulator^[@CR43]^, while the quantum machine results (lower figure) are obtained using IBM Q 20 Tokyo device or Poughkeepsie device^[@CR74],[@CR75]^.Figure 3Relative errors $\documentclass[12pt]{minimal}
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The curves obtained by the QASM simulator are results averaged over ten runs. Their relative errors decrease as $\documentclass[12pt]{minimal}
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                \begin{document}$$\mathrm{1/}\sqrt{{n}_{s}}$$\end{document}$ reduction is typical of Monte Carlo simulations, because the hybrid quantum walk algorithm has essentially the same structure as classical Monte Carlo methods. So, we do not gain any speedup in sampling number. Yet, this result substantiates the fact that our proposed algorithm works on ideal quantum computers.

For real IBM Q quantum devices, the accuracy stops improving after a certain number of samplings (see the plateau (blue dash-dotted curve) and oscillation (red dotted curve) in Fig. [3](#Fig3){ref-type="fig"}). This hardware limitation can be estimated using an error formula $\documentclass[12pt]{minimal}
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The communication latency between classical and quantum computer is the most time-consuming part, containing $\documentclass[12pt]{minimal}
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Discussion {#Sec7}
==========
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Other advantages of the algorithms we propose are:(i)By restricting the matrices **A** to those that can be encoded in Hamming cubes, we can sample both classical and quantum random walk spaces that scale exponentially with the number of bits/qubits, and hence gain space complexity.(ii)Classical Monte Carlo methods have time complexity of $\documentclass[12pt]{minimal}
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We propose a hybrid quantum algorithm suitable for NISQ quantum computers to solve systems of linear equations. The solution vector $\documentclass[12pt]{minimal}
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Gray code basis {#Sec9}
---------------
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### **Lemma 1** {#FPar1}
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### **Lemma 2** {#FPar2}
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Using **Lemma 1** and **Lemma 2**, the following theorem is clear.

### **Theorem 1** {#FPar3}

*There exists a permutation that maps the probability matrix produced by classical random walk to the probability matrix given in* Eq. ([A.2](#Equ16){ref-type=""}) *produced by the quantum random walk circuit in a reverse order*, *that is*, *in Gray code basis*.

Derivation of Eq. (11) {#Sec10}
----------------------
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Two-evolution quantum walk on *N* = 4 graph {#Sec11}
-------------------------------------------
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Solving for general matrices {#Sec12}
----------------------------
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